We study guided modes in non-Hermitian optical waveguides with dielectric layers having either gain or loss. For the case of a three-layer waveguide, we describe stationary regimes for guided modes when gain and loss compensate each other in the entire structure rather than in each layer. We demonstrate that, by adding a lossless dielectric layer to a double-layer waveguide with the property of parity-time (PT ) symmetry, we can control a ratio of gain and loss required to support propagating and nondecaying optical guided modes. This novel feature becomes possible due to the modification of the mode structure, and it can allow using materials with a lower gain to balance losses in various optical waveguiding structures. In addition, we find a non-PT -symmetric regime when all guided modes of the system have their losses perfectly compensated.
operators to possess real spectra. Some years ago, Bender 23 and Boettcher [3, 4] suggested that there exist other classes of that possess real spectrum, which are not PT symmetric [5] . optical couplers [6] [7] [8] [9] . To achieve a balance between gain and 34 loss in optics, active and passive regions of an optical system 35 should be placed symmetrically with respect to each other, and 36 the refractive index of the system should satisfy the relation 37 n(x) = n * (−x).
38
In a majority of the subsequent studies of PT -symmetric 39 optical systems [10] , researchers paid attention to two PT -symmetry-broken regimes, when some of the eigenvalues 44 become complex [11, 12] .
45
Importantly, it was also shown that the PT -symmetry for 46 non-Hermitian systems is neither a sufficient condition nor a necessary condition to realize a real spectrum [13] . Thus,
48
the concept of pseudo-Hermiticity, a condition for real spectra 49 of non-Hermitian systems, was introduced [13] . Recently, it 50 was also shown that nonsymmetric waveguides with gain and 51 loss can couple and provide loss compensation for at least one 52 mode [14] .
53
In optics, the topic of PT symmetry is closely related to by adding gain to the waveguiding structure one can control 57 the characteristics of the propagating modes, as was shown in 58 Ref. [15] . In plasmonic structures, waveguiding is suppressed 59 by losses particularly strongly. There is a search in either 60 optimizing the geometry for these structures [16] or using 61 novel materials [17] . Clearly, such approaches try to minimize 62 losses, and one needs gain materials to compensate losses in 63 plasmonic structures (see, e.g., Refs. [18] [19] [20] [21] ).
64
Recently, Suchkov et al. [22] investigated pseudo-65 Hermitian (PH) optical couplers and compared their properties 66 with those of PT -symmetric couplers. They revealed that 67 the mode spectrum can be entirely real even without PT 68 symmetry, provided the waveguides in a coupler are placed 69 in a special order. Being inspired by those findings, here we 70 study three-layer non-Hermitian dielectric waveguides with 71 gain and/or loss (e.g., those shown in Fig. 1 ). We choose 72 the three-layer structure since the additional parameters allow 73 one to achieve a wider range of regimes as compared to 74 two-layer structures, which were mostly studied up to now. 75 For the case of three-layer waveguides, we describe the 76 stationary regimes when gain and loss compensate each other 77 globally but not locally. We reveal that this system, even being 78 non-PT symmetric, supports different types of asymmetric 79 modes and allows additional functionalities and control of the 80 guided modes. We believe that our approach can be useful 81 for reducing the value of gain for balancing losses in optical 82 waveguides.
83

II. THREE-LAYER WAVEGUIDES
84
We consider a three-layer waveguide placed in a free space, 85 as shown schematically in Fig. 1 
Following the standard procedure for the mode finding, 99 we write solutions in each layer and in the surrounding 100 vacuum, and in order to find the unknown constants we apply 101 the boundary conditions of the continuity of the tangential 102 components of the electric and magnetic fields. There are 103 eight unknown constants of integration and a set of eight linear 104 equations for these unknowns. The set of linear equations has 105 nontrivial solutions when the determinant of the matrix of the 106 coefficients of this set vanishes. We explicitly write this matrix 107 as
where κ there is just one mode, and its losses can be compensated for parameters shown by the line in Fig. 2(a) . As we make usual PT symmetry requires that the amount of gain in one 144 of the layers is equal to the loss in another layer. Now, we 145 can attach the third layer to the structure, and due to a change 146 in the mode profile the amount of the required gain can be 147 either larger [case B, Fig. 3(b) ] or smaller [case C, Fig. 3(c) ].
148
In the former case, the amount of gain is characterized be the Fig. 1 , respectively. Figure 6 shows the parameter plane of the imaginary parts 172 [Im(n 2 ),Im(n 3 )] for the asymmetric case, when Re(n 3 ) = 173 2.2, while n 1 and n 2 are the same as above. Two curves 174 corresponding to the two modes of the system still intersect at 175 one point, but this point is now not on the Im(n 2 ) = 0 axis, as it 176 was in the previously considered symmetric case. Remarkably, 177 this regime now possesses the same properties as the PT -178 symmetric case, i.e., both modes of the system have real eigen 179 wave numbers, but the system is not PT symmetric. Thus, we 180 have revealed novel regimes in nonsymmetric structures when 181 all modes have their losses perfectly compensated by gain. 
III. CONCLUSION
183
We have studied the guiding properties of three-layer 184 non-Hermitian dielectric waveguides with gain and loss. We 
